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ABSTRACT

We introduce PIGLET: an open source framework for physics-informed Gaussian process regression (GPR), which can

be used to learn statistical descriptions of turbulent flows and interpolate and quantify uncertainty in turbulent flow

fields obtained from particle tracking velocimetry (PTV) and Lagrangian particle tracking (LPT) data. Building on our

previous work (Lawson, 2026), we describe how Gaussian process models can be formulated to incorporate Navier-

Stokes dynamics in addition to incompressibility, boundary conditions and statistical symmetries we have previously

documented. We describe a simple, finite-dimensional Gaussian process model, suitable for the generation of probable

realisations of a homogeneous turbulent flow field given velocity information sampled by passive tracers. The model

can incorporate acceleration information using a Bayesian update. This formulation mitigates the main bottleneck

of GPR, allowing reconstruction of flow fields using O (100, 000) particle tracks. The result is a technique which can

incorporate both non-linear and linear physical constraints as well as statistical symmetries into the estimation and

uncertainty quantification of turbulent flow fields from LPT and PTV data. We train and test this model upon synthetic

data from homogeneous isotropic turbulence (HIT), the turbulent duct flow from the 2nd Data Assimilation Challenge,

and experimental data from a square prism wake (SPW). PIGLET performs favourably in comparison to the state-of-

the-art.

]

1. Introduction

The past decade has seen widespread adoption of Lagrangian particle tracking (LPT) and parti-
cle tracking velocimetry (PTV) to measure flows (Schröder & Schanz, 2023). These techniques are
capable of tracking hundreds of thousands of tracer particles in space and time, which provide
access to velocity and acceleration information sampled at irregular locations in the flow along
particle trajectories. A central issue is the interpolation of these scattered data, usually onto Carte-
sian grids, for subsequent analysis with the least possible error (Sciacchitano et al., 2021; Schröder
& Schanz, 2023). It is desirable to incorporate known flow physics, e.g. mass, momentum conser-
vation and boundary conditions, to improve the accuracy of the reconstruction of the flow field.
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Furthermore, it is desirable to quantify the uncertainty in the reconstruction. Often, the reconstruc-
tion process is used to facilitate further statistical analysis. This commonly includes quantifying
the mean velocity field, Reynolds stresses and two-point correlations. We refer to the problem of
combining PTV/LPT data with these known physics to yield volumetric flow fields and statistics
as the Data Assimilation (DA) problem.

As showcased in the first LPT data assimilation challenge (Sciacchitano et al., 2021), the majority of
solutions to the DA problem so far are based upon formulating and solving nonlinear regression
problems (Casa & Krueger, 2013; Gesemann et al., 2016; Godbersen et al., 2024; Jeon et al., 2018;
Schneiders & Scarano, 2016; Sperotto et al., 2022). These minimise a cost function which penalises
the residual between observations of velocity and acceleration sampled on particle trajectories.
The minimisation is performed with respect to a set of weights which parametrise the velocity
and Lagrangian acceleration fields. Penalties may be introduced into the cost function to enforce
smoothness of the solution (Gesemann et al., 2016; Jeon et al., 2018) or to introduce soft constraints,
e.g. boundary conditions (Casa & Krueger, 2013; Cakir et al., 2022) and mass and momentum
conservation (Casa & Krueger, 2013; Gesemann et al., 2016; Jeon et al., 2018). Alternatively, hard
constraints may be introduced either in the formulation of the model (Schneiders & Scarano, 2016;
Jeon et al., 2018; Cakir et al., 2022) or in the determination of the model coefficients (Godbersen et
al., 2024; Ratz & Mendez, 2024). By incorporating these physical constraints, spatial resolution can
be improved by a factor of three to four over naïve linear interpolation (Sciacchitano et al., 2021).

The main deficiency of these approaches is that they do not incorporate statistical information
about the flow field. Physics Informed Neural Networks (PINNs) represent one way of doing
so (Shin & Schröder, 2025; Mons et al., 2022; Steinfurth et al., 2024; Zhou & Grauer, 2023). This
involves training neural networks (usually multilayer perceptrons) with a loss function which pe-
nalises not only the closeness of fit to training data but also the degree to which known physical
constraints are violated. PINNs have demonstrated promising performance over the above regres-
sion methods in preliminary results from the second LPT data assimilation challenge. However,
the uncertainty of the resulting output remains unquantified by both PINNs and regression ap-
proaches.

Recently, we introduced physics-informed Gaussian process regression to address the DA prob-
lem (Lawson, 2026). By leveraging statistical information and knowledge of boundary conditions,
physics-informed GPR can provide an order of magnitude improvement in the mean-square ve-
locity error over to the vortex in cell method (Jeon et al., 2018). Furthermore, GPR provides closed
form, interpretable expressions for the most likely flow field given the input data as well as a sta-
tistical description of the underlying flow, which is often the primary objective of measurement.
This provides an advantage over “black-box” deep learning approaches, including PINNs, which
are harder to interpret (Brunton et al., 2019). Moreover, GPR also provides closed form expressions
to draw samples from a statistical distribution of velocity fields which are consistent with the ob-
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served LPT data using the Matheron update rule (Wilson et al., 2020). This allows us to generate a
Monte-Carlo sampling of the most likely velocity fields which are consistent with the data, suitable
for uncertainty quantification of post-processed outputs.

A limitation of our previous work was that the Gaussian process regression model did not leverage
Navier-Stokes dynamics to reconstruct the flow. This is significant because, for data assimilation
with regression methods, the incorporation of acceleration data has improved reconstruction accu-
racy (Gesemann et al., 2016; Schneiders & Scarano, 2016). A further limitation of our previous work
is the computational bottleneck of GPR: with N input data, it is necessary to invert a dense kernel
matrix with N2 elements which requires ∼ N3 operations. In double precision with N = 105 parti-
cles, this would require 720GB of memory and ∼ 1016 floating-point operations per reconstruction,
which necessitates high-performance computing. Our insight is that the GPR problem can be for-
mulated as a Bayesian inference problem which is solved using standard optimisation techniques
using much less memory and processor time. The problem can be augmented to include accelera-
tion information, which is a non-linear function of the underlying Gaussian process. However, to
do this, the model must be formulated as a finite dimensional Gaussian process.

In this work, we describe a physics-informed Gaussian process regression model which incorpo-
rates Navier-Stokes dynamics through Bayesian inference. We restrict ourselves to the case of two
or four frame LPT, where the objective is to recover the flow field from short tracks providing a
measurement of the position, velocity and acceleration of tracers at a single time instant. However,
the principles described here can be extended to time series LPT measurements. The model rep-
resents the underlying velocity fluctuations as statistically homogeneous and incompressible, but
with inhomogeneous mean flow. It is applicable to both homogeneous and inhomogeneous tur-
bulent flows. The model is implemented in our open source software, PIGLET. We train and test
this model upon synthetic and experimental data from homogeneous isotropic turbulence (HIT), a
square prism wake (SPW) and the turbulent duct flow from the 2nd Data Assimilation Challenge.

2. Methodology

This section is structured as follows. In §2.1, we explain the theoretical framework of physics-
informed Gaussian process regression to apply GPR to LPT data. In §2.2 we describe a Gaussian
process models for homogeneous turbulence using this framework. In §2.3, we explain how this
model can be trained upon experimental data to learn the statistical properties of the flow and
noise. Finally, we describe our experimental and numerical datasets in §2.4.

3



22nd LISBON Laser Symposium 2026

2.1. Physics Informed Gaussian Process Regression of LPT data

Consider the instantaneous velocity field U(x, t) and acceleration field A(x, t). We will treat the
statistics of this field as stationary in time t. The spatial coordinate within the measurement do-
main Ω is x ∈ Ω ⊂ R3. Velocity data are available for each of t = 1 . . . T snapshots, with Nt

particles per snapshot at input points Xt = {xn,t}Nt
n=1. At a given time t, the velocity data are noisy

observations yt = (V1;V2; . . . ;VNt) ∈ R3Nt of the velocity field Vn = U(xn, t) + ϵn sampled on
the tracers. We treat the additive Gaussian noise ϵn noise as independent of the data, statistically
stationary, spatially white and isotropic with variance σ2

u. Likewise, we also have observations
zt = (B1;B2; . . . ;BNt) ∈ R3Nt of the noisy material acceleration vector Bn = A(xn, t) + ζn with
noise variance σ2

a.

We suppose that a M-dimensional Gaussian Process has generated the velocity fields

U(x) = Φ†(x)W (1)

where the feature vector Φ(x) represents a set of basis functions parametrised by a latent vari-
able of weights W ∈ RM drawn from the normal distribution N

(
W ,Kww

)
with mean W and

covariance Kww with rank R. It is possible for the process to be degenerate so that R < M . For
convenience, we write the Reynolds decomposition W = W + w, where w is the fluctuating
component of the weight. Samples of this prior distribution can be easily generated as

W = W + Lwwη (2)

where η ∈ RR is drawn from the standard normal distribution and Lww is some factorisation of the
covariance such that Kww = LwL

†
w. Note that this Gaussian prior completely specifies the mean

flow U(x) = Φ†(x)W and the two-point velocity correlation tensor Ruu(x,x
′) = Φ†(x)KwwΦ(x′)

of the turbulence. We provide physics-informed choices of Φ(x) and methods to learn Kww and
W for homogenous turbulent flows in §2.2.

We represent this process as being measured on the input points Xt as

yt = Φ†
tWt + ϵt (3)

where Φt ∈ RM×3Nt represents the feature vector sampled on the input points Xt. Therefore, the
underlying process and the noisy observations are joint normally distributed[

W

yt

]
∼ N

([
W

Φ†
tW

]
,

[
Kww Kwyt

Kytw Kytyt

])
(4)

where Kytw = K†
wyt

= Φt
†Kww represents the covariance of the velocity measurements and the

weights and Kytyt = Φ†
tKwwΦt + σ2

uI represents the covariance of the noisy velocity data.
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Since W and yt are joint normally distributed, the conditional distribution of the weights W given
the observations yt is also a normal distribution with mean

µw = W +KwytK
−1
ytyt

(yt −Φ†
tW ). (5)

This represents an update of the unconditional mean weight W with the velocity information in
yt to generate the conditional mean µw. The conditional variance is

Σww = Kww −KwytK
−1
ytyt

Kytw (6)

which represents an update to the unconditional variance Kww due to the information in yt.

The conditional mean weights µw (5) are the most likely set of weights given only the velocity data
and that this choice minimises the mean squared error |U(x)− µu(x)|2 (Bishop, 2006). Therefore,
we can use (5) to reconstruct the most likely velocity field µu(x) = Φ†(x)µw based on the velocity
data. However, the great advantage of Gaussian Process Regression is that we have also specified
the distribution of the possible values of the velocity field around this mean. We can efficiently
draw samples from this conditional distribution using the Matheron update rule (Wilson et al.,
2020). From this easily verified rule it follows that

Ŵ = W +KwytK
−1
ytyt

(yt −Φ†
tW − ϵt) (7)

is distributed with mean µw (5) and variance Σww (6), where W and ϵt are drawn from their
respective, prior distributions as described above. Conditional realisations of the velocity field
are obtained as Û(x) = Φ†(x)Ŵ . We can use these realisations to derive local estimates of the
measurement uncertainty or propagate uncertainty using Monte-Carlo techniques.

A disadvantage of (5) is that it requires the computationally expensive formulation and inversion
of the 3Nt × 3Nt kernel Kytyt . To avoid this, we note that the log-likelihood of the normalised
weights η and noise ϵt given the data yt and the Gaussian prior θ = {W ,Lww, σu} is

log p(η|yt) = log
p(yt|η)p(η)

p(yt)
= −1

2
η†η − 1

2σ2
u

∥∥∥yt −Φ†
t(W + Lwwη)

∥∥∥2
2
+ const. (8)

is maximised when we choose η such that µw = W + Lwwη. In (8), the first term represents the
prior probability of the weights whereas the second term represents the probability of the noise ϵt

given the data and the weights. Therefore, we solve (5) numerically by maximising (8) using the
L-BFGS algorithm. To accelerate this, the initial condition can be obtained from (5) using a subset
of the available input data. A similar optimisation problem can be written for (7).

Thus far, we have not specified any physics. The premise of physics informed Gaussian process
regression (Lawson, 2026) is to construct a covariance model which satisfies known statistical sym-
metries, boundary conditions and governing equations of the system we aim to reconstruct. This
not only ensures that the GPR prediction (1,5) satisfies the boundary conditions and governing
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equations, but it also reduces the degrees of freedom within the covariance model so that it may
be learned empirically. For instance, statistical homogeneity implies Ruu(x

′,x) = Ruu(x
′ − x, 0),

reducing its spatial dimension by three. This property implies specific choices of Φ(x) and the
structure of Kww, which we will describe shortly. Similarly, the solenoidal constraint upon the
velocity field ∇ · U = 0 implies linear constraints of the form CW = 0 and CKww = 0. This has
the benefit of reducing the number of model hyperparameters to be learned.

To incorporate the acceleration information, we note that the estimate of the acceleration field is
uniquely specified by the normalised process weights η. Furthermore, the velocity and accelera-
tion error ϵt and ζt are independently and normally distributed for Gaussian white position noise.
Therefore, the Bayesian estimate of the process weights η given the velocity and acceleration ob-
servations and Gaussian prior is

log p(η|yt, zt) = −1

2
η†η − 1

2σ2
u

∥∥∥yt −Φ†
t(W + Lwwη)

∥∥∥2
2
− 1

2σ2
a

∥zt −At(η)∥22 + const. (9)

where At(η) is a vector representing the acceleration field evaluated at the input points Xt. This
adds an additional term to (8) representing the probability of the acceleration error given the data
and the model.

2.2. A Model for Homogeneous Turbulence

GPR requires us build and learn a model of the two-point velocity covariance and mean flow. In
statistically stationary, homogeneous turbulence, the two-point, single-time covariance tensor of
any vector field may be written

R(x′,x) ≡ ⟨u(x′, t)u†(x, t)⟩ = R(x− x′, 0) =

∫∫∫
Ψ(κ)eiκ·(x

′−x)dκ (10)

where Ψ(κ) is the velocity spectrum tensor (Pope, 2000). The solenoidal condition implies that
Ψ(κ)κ = 0. Unfortunately, (10) implies an infinite-dimensional weight vector in (1). However, we
can approximate (10) using a Fourier series

Ruu(x
′,x) =

∑
κ

Ψκ exp(iκ · (x′ − x)) (11)

where Ψκ is the spectral energy density tensor associated with each wavenumber κ. This formu-
lation implies a Fourier series representation of the velocity field

U(x) =
∑
κ

Wκ exp(iκ · x) (12)

where the basis functions Φ†(x) = (I exp(iκ1 · x), . . . , I exp(iκM · x)) ∈ C3×3M are Fourier modes
and the (complex) weights W = (Wκ1 ; . . . ;WκM

) are Fourier coefficients. The associated variance
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Kww is a block diagonal matrix, where there is zero correlation between different wavenumbers
and the velocity spectrum tensor Ψκ ≡ ⟨wκw

†
κ⟩ is the variance of mode κ. The Fourier weights are

related to real-valued, normalised process weights η as Wκ = W κ+Φ1/2
κ Fκη, where Fκ represents

the 3D Fourier transform operator acting on the (flattened) real-valued 3D field represented by η.
The mean flow field will satisfy continuity provided that we choose W κ ·κ = 0. Note that velocity
fluctuations satisfy continuity since wκ ∼ N (0,Ψ(κ)) ensures that wκ · κ = 0.

2.3. Training of model hyperparameters

We use the expectation-maximisation algorithm combined with the Matheron update rule (Law-
son, 2026) to learn the hyperparameters by iteratively refining an initial guess for the mean and
variance of the model parameters. In brief: given T realisations of the velocity measurements
(Xt,yt), we draw ST samples of the underlying process weights Ŵ (7) and noise ϵ of the flow
under the prior θ0. From this, we construct a new sample mean W = ⟨Ŵ ⟩ and variance Ψκ =

⟨ŵκŵ
†
κ⟩ of the Fourier coefficients and the noise variance σ2

u = ⟨ϵ2⟩. The input velocity and ac-
celeration data are obtained from finite differences of the form V =

∑
cixi and B =

∑
dixi.

Under the assumption that the position noise is white-in-time, the acceleration uncertainty is
σ2
a = σ2

u

∑
d2i /
∑

c2i . This specifies a new set of hyperparameters θ1, which can be iteratively
refined.

To create an initial guess of the velocity covariance, we use a Fourier series to approximate the
isotropic correlation function

Ruu(x
′,x) = RLL(r)

rr†

r2
+

(
RLL(r) +

1

2
r
∂RLL

∂r

)(
I− rr†

r2

)
(13)

where RLL(r) is the longitudinal autocorrelation function, which is a scalar function of the separa-
tion r = |r| = |x′ − x|. The corresponding energy spectral density is (Pope, 2000)

Ψκ =
E(κ)

4πκ2

(
I− κκ†

κ2

)
(14)

where κ is the wavenumber and E(κ) is the 3D energy spectrum for κ = |κ|. The incompressibility
condition is satisfied by construction. For this initial guess, we choose

RLL = ⟨V 2⟩ exp
(
− r2

2λ2

)
⇔ E(κ) =

⟨V 2⟩√
2π

λ5κ4 exp

(
−κ2λ2

2

)
(15)

where ⟨V 2⟩ is the mean-square velocity sampled on the particles and λ is chosen to match an
estimate of the Taylor microscale of the flow. The noise is estimated as σu = 0.01⟨V 2⟩1/2.

For the case of homogeneous, isotropic turbulence, we have shown that it is possible to robustly
learn the velocity spectrum and noise directly from particle tracks (Lawson, 2026). In this case, we
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use the product-of-experts method to fit the noise and the autocorrelation function to the data with
the linear model

RLL(r) =
N∑

n=1

θn exp

(
− r2

2λ2
n

)
⇔ E(κ) =

1√
2π

N∑
n=1

θnλ
5
nκ

4 exp

(
−κ2λ2

n

2

)
(16)

for N hyperparameters θn ≥ 0, each associated with wavelength λn. In contrast to the sinc kernel
we have previously used, this choice of squared-exponential kernel ensures that the 3D energy
spectrum is smooth and differentiable everywhere. The fit is obtained by maximising the marginal
probability of observations of the velocity field given the kernel hyperparameters. To do this, we
split our input data into p = 1 . . . P observations of particle pairs yp = (v(xp, t),v(x

′
p, t)) which

sample the fluctuating component of the velocity field at coordinates xp and x′
p. There are Nt

particles per snapshot, so we can form P ≈ TN2
t /2 such pairs. Under the product-of-experts

approximation, the log likelihood of the hyperparameters θ = {σ2
u, θ1, . . . θN} given the data is

Jiso(θ) = log p(y1,y2, . . .yp|θ) =
P∑

p=1

log p(yp|θ) (17)

where the log-likelihood of each particle pair is

log p(yp|θ) = − log 2π − log |Kypyp | −
1

2
y†
pK

−1
ypyp

yp (18)

and Kypyp is the input kernel obtained from (13) and (16). The optimal hyperparameters θ are
found by minimising (17) using a standard sequential quadratic programming method in MAT-
LAB, subject to the constraints σu ≥ 0 and θn ≥ 0. The cost of this approach is dominated by the
O
(
TN2

t

)
operations required to compute (17) and takes only minutes on the author’s workstation

for the datasets presented here.

To create an initial guess of the mean flow, we choose W κ = Ψ1/2
κ Fκη which ensures that W

satisfies incompressibility for any choice of η. We then minimise the regularised sum-of-squares
objective

J(η) =
1

2⟨V 2⟩

T∑
t=1

∥∥∥yt −Φ†
tW

∥∥∥2
2
+

1

2
η†η (19)

Conveniently, this is the same form as (8). In fact, it corresponds to an approximation for the log-
likelihood of the data given a prior distribution on the mean flow. For the synthetic HIT dataset,
the mean flow is trivially zero.

2.4. Datasets

In this section we describe the training of our GP models on synthetic and real experimental PTV
data. These have previously been described in Lawson (2026) and we recap only the important
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details. The synthetic data are based on direct numerical simulations of passive tracers in homo-
geneous, isotropic turbulence. The experimental data are obtained from time-resolved Shake-The-
Box particle tracking in the wake of a square prism. Additionally, we provide a brief description of
the turbulent duct flow dataset from the second Data Assimilation Challenge used to benchmark
the performance of PIGLET against other algorithms.

2.4.1. Homogeneous isotropic turbulence

We performed direct numerical simulations of homogeneous, isotropic turbulence (Rλ ≈ 122) in a
5123 periodic box of side length 2π using the TuRTLE pseudo-spectral solver (Lalescu et al., 2022).
The incompressible Navier-Stokes equations were solved in vorticity form with Lundgren forcing
applied in the [2, 4] wavenumber range. The resolution kmaxη = 1.87 ensures well-resolved small
scales. We allow a statistically stationary state to develop after running the simulation for 23.4
integral timescales. However, this forcing adds a stochastic term to the Lagrangian acceleration
which cannot be predicted by the Navier-Stokes dynamics. Therefore, we turn off the forcing at
this point and integrate the trajectories of 222 tracer particles using a fourth-order Adams-Bashforth
method and cubic spline velocity interpolation for a further 52 timesteps (1.0τη). Velocity data
sampled on tracer trajectories are used to generate a synthetic four-pulse LPT measurement using
a 2 : 1 : 2 timing scheme with ∆t = 0.15τη between the second and third pulses. Additive white
Gaussian noise is added to these trajectories to model position uncertainty. Finally, a second order
polynomial fit is applied to each trajectory to measure the (noisy) tracer position, velocity and
acceleration.

The snapshot at 23.4Tint was partitioned into 64 sub-volumes of side-length π/2 ≈ 214η ≈ 2.8Lint.
To investigate seeding effects, data was downsampled to 4096, 16384, or 65536 particles per sub-
volume, corresponding to a inter-particle separation ℓp = ρ−1/3

p = 13.4, 8.4, and 5.3η where ρp is the
number density of particles. With an LPT timestep of ∆t = 0.15τη, the mean square displacement
is 0.85η (≈ 0.4% of the domain). We introduced additive measurement noise at σu/u

′ = 0.01 to
simulate moderate measurement noise. This data was used to train the covariance model (13) for
257 coefficients across wavenumbers κn = 2π/λn = 0, 1, . . . 256.

2.4.2. Square Prism Wake Flow

We measured the wake of a H = 50mm square prism at a freestream velocity of U∞ = 0.150 m/s
corresponding to ReH ≈ 7850 in the University of Southampton’s Recirculating Water Tunnel.
The experimental configuration is shown in Figure 1. This flow lacks the fundamental translation
symmetry of homogeneous isotropic turbulence, making it a useful test case for the model.

We recorded 55µm polyamide tracers (Vestosint 2517) using a four-camera LaVision Minishaker
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Figure 1. Photograph (left) and sketch (right) the experimental setup, showing (1) Minishaker system, (2) square
prism, (3) LED illumination and (4) the particle tracking measurement volume within the Recirculating Water

Tunnel. The coordinate system origin is at the centre of the prism at the mid-span of the tunnel and is aligned with
the streamwise (x1) and transverse (x2) directions, with x3 pointing out of the page.

2M PTV system and LED-pulse illumination at 121.2 Hz. We recorded 2000 bursts of 25 frames
each at 3.5s intervals, covering a downstream region 105 to 445 mm from the prism at a resolution
of 0.165 mm/vx with a seeding concentration of 0.0056 ppp. For context, the estimated vortex
shedding period is ∼ 2.4 s. The images have a resolution of 1984× 1264 px. The third-order poly-
nomial geometric calibration was refined using volume self-calibration to a 0.03 voxel disparity
error. Particle trajectories were reconstructed in DaViS 10 using the Shake-The-Box algorithm.

The model was trained and evaluated on 120 snapshots of four-pulse trajectories extracted from
a truncated measurement volume (316 × 197 × 79 mm). Approximately 10, 000 particles were
detected for all four timesteps within this volume. To assess seeding density effects, snapshots
were downsampled to approximately 1024, 5055, or 9215 particles per snapshot by partitioning
the data into training and cross-validation sets. This corresponds to a typical particle separation
ℓp = ρ−1/3

p between 8.1 and 16.9mm. We trained and evaluated the homogeneous covariance model
described in §2.2 using 76 × 120 × 30 Fourier modes, corresponding to a periodic domain size
which is twice the size of the measurement volume. The spatial resolution of the model is 5.27mm,
corresponding to a maximum resolvable wavenumber of 0.60mm−1. This is sufficient to resolve
the average Nyquist rate π/ℓp = 0.39mm−1 in the highest seeding concentration case.

2.4.3. Data Assimilation Challenge: Turbulent Duct Flow

We consider the turbulent duct flow test case from the 2nd Data Assimilation Challenge to bench-
mark PIGLET against other algorithms. The case simulates a synthetic experiment derived from a
scaled direct numerical simulation of the incompressible turbulence in a square duct at a friction
Reynolds number Reτ ≈ 1000 (Pirozzoli et al., 2018). The flow is aligned with the x1 direction with
no-slip walls at x2 = 0 and 2h and x3 = 0 and 2h, where h = 0.1m is the half-height of the duct.
The bulk flow velocity Ub is 0.2m/s. The synthetic experiment provides the positions of tracers
in a cubic box spanning [0 : h] × [0 : h] × [0 : h]. There are between 1000 and 200, 000 tracers,
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corresponding to seeding concentrations between 0.001 and 0.200 ppp. The highest seeding con-
centration represents a significant challenge for exact Gaussian process regression as we have used
previously (Lawson, 2026), since the kernel matrix alone would require 2.88TB of memory to store.
Therefore, solution using the Bayesian formulation given in (8) or (9) is essential.

We consider two test cases: two-pulse (TP) and four-pulse (FP). In the TP case, two snapshots
of the tracer position are provided with a time separation of ∆t = 5.916ms. In the FP case, four
snapshots of the tracer position are available using a 2-1-2 timing scheme with the same separation
between second and third pulses. We compute velocity and acceleration from particle tracks using
a least-squares regression to a second order polynomial.

We use a homogeneous, isotropic Gaussian process model using 192× 384× 384 Fourier modes on
a 2h × 4h × 4h domain. This configuration expands the original measurement domain to account
for the effects of periodicity and to impose the solid wall boundary condition. This is achieved by
constraining the model to use only odd Fourier modes in the x2 and x3 directions, which creates
antisymmetric mirror image of the flow in these planes. This antisymmetric configuration also has
the benefit of reducing interpolation errors due to the Gibbs phenomenon at the walls, where the
mean flow gradient is very steep. Since insufficient training data are available to estimate the mean
flow, we initialise the mean flow from that provided publicly by Pirozzoli et al. (2018). In principle,
with more training data, it would be possible to initialise an accurate estimate of the mean flow
from (19) or through variational DA methods (Cadambi Padmanaban et al., 2026). Then, we learn
the isotropic autocorrelation function (16) and noise from a single snapshot for each case. This
is possible because only 128 hyperparameters are used to represent the autocorrelation function.
However, it comes at the expense of reducing the complex correlation structure of this flow to an
extremely simple isotropic model.

3. Results

3.1. Homogeneous Isotropic Turbulence

Figure 2a shows the longitudinal autocorrelation function (13) obtained from the maximum like-
lihood product-of-experts fit to sparse and noisy data (17). This case corresponds to a moderate
seeding concentration ℓp = 8.4η and measurement noise σu = 0.01u′. The maximum likelihood
fit (dashed line) is in good agreement with the ground truth (solid line) to within the statistical
uncertainty (grey area). The agreement is worse at large scales, which have greater statistical un-
certainty since fewer particle pairs are observed at large separations. The model estimates of the
noise σu = 0.0097u′ and dissipation rate ϵ/ϵref = 0.991 are very close to the ground truth. The
corresponding 1D and 3D energy spectra shown in Figure 2b are in excellent agreement with those
obtained directly from the reference DNS data.
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Figure 2. (a) Comparison of the trained model of the longitudinal autocorrelation function (16) and its Fourier series
approximation (11) to ground truth in HIT for σu = 0.01u′ and ℓp = 8.4η. The shaded region shows confidence
interval for ground truth, based on the variation of RLL in each direction. (b) Corresponding 3D and 1D energy

spectra (16).

Coloured lines in figure 2a show the Fourier series approximation (11) with M = 963, 1283 or
1923 Fourier modes. The spatial resolution is fixed at ∆x = 3.34η and therefore this discretisa-
tion corresponds to a periodic flow field which is 1.5, two or three times larger than the original
measurement domain (a cube of side length L = π/2). For the smallest domain size (963 modes,
1.5L period), the effect of this implicit periodicity on the approximation (11) is significant. The
approximation improves at larger grid sizes. In the following, we use a 1283 grid corresponding to
a periodic domain of side length 2L and maximum resolvable wavenumber κmaxη = 0.94.

Figure 3a shows an example of the velocity field inferred using PIGLET with M = 1283 Fourier
modes at the lowest seeding concentration tested (4000 particles, ℓp = 13.4η). Considering the
sparse seeding concentration, there is good agreement between the reconstruction and ground
truth. The error is least near particle locations and greatest in the regions between them. Figure 3b
shows an example of three realisations of the same velocity field drawn from the posterior distri-
bution (7). These realisations show that the uncertainty in the velocity field is spatially correlated:
the velocity realisations are always spatially smooth. An estimate of the local uncertainty is also
shown, based on the variance over 30 realisations. The uncertainty is least near particle locations
and greatest in the regions between them. Note that regions of high uncertainty do not necessarily
correspond to high local error. Regions of low uncertainty are localised to individual particles and
correspond to regions of low error in the reconstruction.

Figure 4a compares the mean square velocity error of exact inference using (5) and approximate
inference of the conditional mean using the linear model (8) after 2000 iterations. The results for the
exact and linear model are in good agreement, indicating that the solution has converged to near
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Figure 3. (a) Comparison of ground truth (pink vectors) and reconstructed (black vectors) velocity field based on
4000 particles (black circles) with moderate noise (ℓp = 13.6η, σu = 0.01u′). (b) Corresponding prediction of

uncertainty in the reconstruction. Black vectors show the most probable flow field (5) whereas grey vectors show
three realisations flow field drawn from the posterior distribution.

the optimum. When (5) is used as the initial condition for maximising (8), the solver terminates
immediately as it has reached the optimum.

To test the local estimate of uncertainty, we define a standardised z-score for the error z = ∆u/σ,
where ∆u is the measurement error in a velocity component and σ is the local uncertainty esti-
mated by drawing 30 samples from the posterior distribution (7). Under the Gaussian process
Ansatz, z follows the standard normal distribution. One therefore expects that 95.45% of errors lie
within −2 < z < 2. Figure 4b shows the cumulative distribution function (CDF) of z for a noise
level of σu = 0.01u′. We observe that the CDF is well approximated by the standard normal distri-
bution and yields a good prediction of the true 95.45% confidence interval; the CDF shows that a
±2.3σ interval provides this coverage.

Figure 4a shows that, surprisingly, the addition of acceleration information into the regression
model (9) does not significantly improve the accuracy of the velocity or vorticity field reconstruc-
tion. This result is confirmed in figure 5a, which demonstrates that the spectral coherence between
the ground truth and reconstruction is not significantly improved at small scales. Instead, the
cutoff wavenumber remains around κmax ≈ π/ℓp, which corresponds to the average Nyquist rate
(Lawson, 2026). To examine why, we present the mean square error in the predicted acceleration
field, as sampled on tracer positions in figure 5. We observe that, at low seeding concentration,
the linear model alone makes a poor prediction of the true acceleration field. This error can be
reduced to or below the noise floor of the measurement by including acceleration data. The benefit
is most pronounced at low seeding concentrations, where the model has the most to learn by incor-
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compared to unit normal distribution.

porating the acceleration information. At the highest seeding concentration tested, the error in the
acceleration prediction from the linear model is already smaller than the measurement uncertainty.
As a result, little benefit can be achieved by incorporating the acceleration into the regression.

However, figure 5 also shows that there is a significant improvement in the accuracy of the pres-
sure field reconstruction: even using noisy acceleration data can reduce the mean square error in
pressure by up to a factor of six. This is unexpected, because the velocity fields predicted by both
models are very similar inside the measurement domain. To explain why this happens, figure 6
shows the full extent of the periodic velocity field predicted by the linear and non-linear models.
Although the velocity field within the region supported by the measurements is very similar, the
velocity field outside this region differs significantly. This domain expansion effectively allows the
model to optimise large-scale flow features to better fit the observed acceleration data, capturing
large-scale effects in the pressure field without affecting the quality of the velocity fit.

3.2. Square Prism Wake

We test the performance of GPR under real-world conditions by applying it to the reconstruction of
flow fields in the turbulent wake of a square prism, as described in §2.4. This dataset is particularly
noisy and exhibits strong inhomogeneities in seeding concentration throughout the measurement
volume. Furthermore, this flow does not exhibit the high degree of statistical symmetry found
in our synthetic tests. This flow therefore represents a challenging test case for PIGLET, since the
model we have used assumes statistical homogeneity.
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Figure 7a shows an example of the reconstruction of the transverse velocity component and iso-
surfaces of Q-criterion obtained by PIGLET and VIC#. We choose to present the lowest seeding
concentration case to demonstrate the performance of both algorithms under the most challenging
conditions. Although both reconstructions are similar, there is noticeably more incoherent mo-
tion present in the VIC# reconstruction. This is because PIGLET learns the underlying correlation
structure of the data. Figure 7b shows the spatial autocorrelation function of the transverse ve-
locity component learned by PIGLET for this case. Upward velocity fluctuations are correlated
strongly in the transverse direction, and are anti-correlated with downward velocity fluctuations
downstream and upstream of the measurement point. Because PIGLET can learn that velocity
fluctuations are correlated over large length scales, the output is more non-local than VIC#, where
the locality of the reconstruction is determined by the scale of the radial basis functions used.

To assess the accuracy of velocity prediction we cross-validate velocity field reconstructions by
withholding a fraction of the tracks (10, 50 or 90%) used to train and predict velocity fields. These
data are then compared to the model’s prediction. Figure 8a shows the cross-validation error
of the model trained after five epochs. This dataset is particularly noisy: the black lines show the
model’s estimate of the velocity noise, which is a lower bound for cross-validation error. The model
learns that the error is largest for the spanwise component, which corresponds to the component of
velocity measured mostly normal to the camera. This is further evidenced by the fact that doubling
the effective seeding concentration does not significantly increase the cross-validation error.

Several comparisons are evident in figure 8a. First, the mean-square cross-validation error is well
predicted by the mean uncertainty of the regression. Second, the accuracy of reconstruction is not
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Figure 9. Temporal coherence of vorticity field obtained from PIGLET and VIC#.

significantly improved by the inclusion of acceleration data into the non-linear regression. This is
because the acceleration signal is too noisy to add meaningful information; we estimate the signal-
to-noise ratio is less than one. Third, to provide a comparison against the industry standard, the
same statistics are computed based on VIC# reconstruction. We observe that, in all cases, Gaussian
process regression using PIGLET leads to a lower cross-validation error than VIC#.

As a more detailed test of the model’s uncertainty prediction, figure 8b shows the CDF of the cross-
validation z-score. Some deviations from the standard normal distribution are evident, which are
most pronounced for the streamwise and transverse velocity components. However, the mod-
elled uncertainty is generally a good predictor of the true error. Over all velocity components and
effective seeding concentrations tested, at least 93.7% of cross-validation data lie within |z| < 2.

To quantify the temporal coherence of the fine-scale motion, we performed velocity field recon-
structions at two times, 16.5ms apart, using consecutive frames. Figure 9 shows mean square dif-
ference in the vorticity field ∆ω(x, t) = ω(x, t+∆t)−ω(x, t) over this interval. We do not expect the
vorticity to change significantly over this time, since it is just 0.7% of the vortex shedding period.
We observe that the PIGLET reconstruction of the vorticity field is substantially more coherent in
time than VIC#. When using PIGLET, the discrepancy between vorticity fields is 2.6 − 4.2 times
smaller in absolute terms in comparison to VIC#. The inclusion of the acceleration data marginally
worsens the temporal coherence: this is expected, given that the data is very noisy. This coherence
does not come at the expense of filtering fine-scale motion: solid lines in figure 9 shows only a
marginal increase in mean-square enstrophy as the seeding concentration is increased. This indi-
cates that the reconstruction at the lowest seeding concentration captures most of the small-scale
motions present. With VIC#, the enstrophy decreases as the seeding concentration increases, indi-
cating that significant noise in the vorticity field is present at low seeding concentration.
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2024), Neural-Implicit Particle Advection (Zhou & Grauer, 2023) and linear interpolation.

3.3. Data Assimilation Challenge

We compare the performance of PIGLET against other entries to Case 1 of the second data assim-
ilation challenge in Figure 10. We consider the two pulse and four pulse data assimilation cases
only, since these correspond to the type of data that PIGLET is able to assimilate. In all cases,
PIGLET outperforms or performs comparably to state-of-the-art algorithms in terms of velocity
prediction error. Notably, the incorporation of acceleration data in the four-pulse case does not
meaningfully improve prediction accuracy. The evidence is twofold. First, the smallest achiev-
able velocity interpolation error is comparable between two-pulse and four-pulse cases. Second,
both PIGLET and Flow Fit 3 (Godbersen et al., 2024) have linear and non-linear variants which
incorporate acceleration data. Both variants perform similarly.

4. Conclusion

We have introduced PIGLET, an open-source framework utilising physics-informed Gaussian pro-
cess regression to reconstruct turbulent flow fields from LPT and PTV data. This paper extends our
previous work (Lawson, 2026) by formulating a finite-dimensional Gaussian process model for ho-
mogeneous turbulent flows, which can incorporate Navier-Stokes dynamics in addition to statis-
tical symmetries, incompressibility and boundary conditions. By formulating the GPR problem as
a Bayesian inference problem, we mitigate the conventional computational bottleneck, permitting
the assimilation of O (100, 000) particle tracks. Another significant advantage of this formulation is
that we can use the Matheron update rule to efficiently draw samples of the most likely flow fields
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which are consistent with the data, which can be used to quantify uncertainty in post-processed
outputs.

We have tested PIGLET with synthetic data from homogeneous isotropic turbulence and experi-
mental data from a square prism wake. Tests in HIT show that the two-point correlation function
and 3D energy spectrum can be recovered accurately even from sparse and noisy particle tracks.
Tests in the square prism wake show that PIGLET can learn the the spatial coherence of charac-
teristic von-Kármán vortex shedding in the wake of the prism. In both cases, sample estimates of
measurement uncertainty are in excellent agreement with the error measured by cross-validation
and comparisons against ground truth. We also find that PIGLET out-performs VIC# in terms of
velocity cross-validation error and the temporal coherence of the vorticity field. We have bench-
marked the performance of PIGLET against other state-of-the-art algorithms in the 2nd Data As-
similation Challenge. PIGLET outperforms or performs comparably to state-of-the-art algorithms
when assimilating velocity fields from two-pulse or four-pulse PTV data.

We have investigated the incorporation of Navier-Stokes dynamics using material acceleration
data. Interestingly, incorporating acceleration information does not significantly improve the ac-
curacy of velocity or vorticity predictions. This finding is consistent with other algorithms sub-
mitted to the 2nd Data Assimilation Challenge. However, it substantially reduces the mean square
error of the predicted pressure field. For noisy experimental data, the low signal-to-noise ratio of
acceleration data currently limits its utility.

Data availability

PIGLET is open source. The code and datasets used to create this manuscript are available to
download from https://github.com/jml70/PIGLET.
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